Abstract. In this paper, using a theorem of Brink for prime decomposition of the anti-cyclotomic extension, we explicitly construct the first layer of the anti-cyclotomic Z 3 -extension of imaginary quadratic fields.
Introduction
Let k be an imaginary quadratic field, and L an abelian extension of k. L is called an anti-cyclotomic extension of k if it is Galois over Q, and Gal(k/Q) acts on Gal(L/k) by −1. For each prime number p, the compositum K of all Z p -extensions over k becomes a Z p 2 -extension, and K is the compositum of the cyclotomic Z p -extension k c ∞ and the anti-cyclotomic Z p -extension k a ∞ of k. The layers k c n of the cyclotomic Z p -extension are well understood. Since the Hilbert class field of k is an anti-cyclotomic extension of k, determination of the first layer of the anti-cyclotomic Z p -extension becomes complicated as the p-rank of the p-Hilbert class field of k becomes larger. In the paper [5] , using Kummer theory and class field theory, we constructed the first layer k a 1 of the anticyclotomic Z p -extension of an imaginary quadratic field whose p-part of the ideal class group is trivial. In the paper [7] , we applied the same method as in [5] to construct 3-Hilbert class fields of certain imaginary quadratic fields k which also become the first layers k a 1 of anti-cyclotomic Z 3 -extension of k. The first layer of the anti-cyclotomic Z 3 -extension constructed in [7] is easily determined because the class number of k is 3. However, in the paper [8] , we need a method which tells the first layer of the anti-cyclotomic Z 3 -extension from the rest of Hilbert class field of k because the 3-rank of the ideal class group in the example of [8] is 2. See Lemma 2 of this paper for the method we use in [8] . We briefly explain our method to compute η satisfying k
by Kummer theory. By Lemma 1, we see that β is a combination of the fundamental unit and generators of ideals of Q( √ 3d), where k = Q( √ −d). Then, by Theorem 2, β can be determined. Hence, by Kummer theory again, we can determine η such that k a 1 = k(η). In [8] , we use Lemma 2 to determine β from the candidates constructed from Lemma 1. In this paper, Theorem 2(a theorem of Brink) plays the role of Lemma 2. This new method is more efficient and clear. Brink also used Theorem 2 to construct the first layer of the anti-cyclotomic Z p -extension of imaginary quadratic fields. However, his approach is different from ours in that he uses all possible polynomials satisfying discriminant conditions for candidates of the defining polynomial of the first layer, but we use Kummer theory for candidates of the first layer. To illustrate the method, we give an example at the end of this paper.
Proof of theorems
Let p be an odd prime number. Throughout this section, we denote by H k , h k , A k , and M k the p-part of Hilbert class field, the p-class number, p-part of ideal class group, and the maximal abelian p-extension of a number field k unramified outside above p, respectively. Let ζ p be a primitive p-th root of unity. We denote F = k(ζ p ). The first layer of the anti-cyclotomic Z p -extension of an imaginary quadratic field k may be or may not be contained in the p-Hilbert class field of k. The following Theorem gives an answer for this question when p = 3. We define rank Z/p A to be the dimension of A/A p over Z/pZ for any abelian group A.
In the above theorem, we can replace 3 by any odd prime p if we substitute the χω-component A F,χω of A F for A Q( We need the following theorem to determine the first layer of the anti-cyclotomic Z 3 -extension from candidates constructed from Lemma 1 below.
Theorem 2. (= [1, Theorem 2])
Assume that q is different from p and splits in k. We may then write
with relatively prime a, b ∈ Z.
. Let n ≥ 0 be an integer and q a prime ideal of k above q. (a) Suppose p splits in k. Write (a + bω)
Then the conclusion of (a) holds. (c) Suppose p is ramified in k and we are not in the exceptional case(see below). Then q splits completely in k a n iff b * ≡ 0 mod p n+µ−ν . (d) Suppose p = 3 and d ≡ 3 mod 9(the exceptional case). Write (a + bω)
In all cases, q only splits in a finite number of steps of k a . Here µ is the power of p of h k and ν is the non-negative integer such that k
Next we describe the k(ζ 3 )k a 1 by Kummer Theory. The following Lemma is proved in [8] . We include the proof.
be an imaginary quadratic field, and χ be the nontrivial character of Gal(k/Q). Denote
, where ε is the fundamental unit of Q( √ 3d) and
Then, by Kummer theory, we have a perfect pairing S χω × X F,χ −→ µ 3 , where ω is the nontrivial character of Gal(Q( √ −3)/Q) and S χω is the χω-component of S.
, where E F is the group of units of F and A F is the 3-part of the ideal class group of F (See [4] for example). Therefore Lemma 1 follows since the χω-component E F,χω of the group of units E F is the group of the units of the real quadratic subfield F + (= Q( √ 3d)) of F, and the χω-component A F,χω of A F is the ideal class group of the real quadratic field Q( √ 3d).
The following statement is used in [3] to give an example with the Iwasawa invariants µ = λ = 0 without proof. See [8] for the proof. We use Theorem 2 of this paper instead of the following Lemma used in [8] to tell k a 1 from the rest of Hilbert class field of k. Lemma 2. Let p be an odd prime, k = Q(
in Gal(H k /k) corresponds to a subgroup B k of the ideal class group A k of k consisting of classes c with the following property: If a ∈ c, then a p = (α), where α is an L-adic p-th power for every prime L of k lying above p. Now, from Theorem 2 and Lemma 1, we can construct the first layer of the anti-cyclotomic Z 3 -extension of imaginary quadratic fields. Proof. Since the rank of X F,χ is the same as that of A k by Theorem 1 and Lemma 1, the extension field N 3 of degree 3 of F in M F,χ is always equal to the compositum F L of F and an extension L of degree 3 of k in H k . Moreover L is uniquely determined when N 3 is given because Gal(F L/k) is a cyclic group of order 6. Let M 3 be the extension of F satisfying properties in Theorem 3, and M 3 = F L. Choose the set P of primes of Q, which split completely in F. Then the primes of k above P and satisfying the condition of Theorem 2 split completely in L/k, when L = k a 1 . This completes the proof since a Galois extension of a number field is determined by the set of primes which split completely in the Galois extension.
